ABSTRACT The limited communication consensus control problem is studied for leader-following multi-UUVs (multiple unmanned underwater vehicles) in a swarm system that contains multiple secondorder UUVs with the time-varying delay. The multi-UUV swarm will be divided into many sub-groups that each includes one leader and many follower UUVs, and a leaders-group will be composed of all leaders of the sub-groups. In the leaders-group, one leader is called the commander, and the swarm will follow the commander. Under the swarm system mechanism, multi-independent switching topologies are proposed for the swarm hybrid structure under limited communication. Two suitable Lyapunov-Krasovskii functionals will be given to obtaining sufficient consensus conditions and multiple randomly varying leader-follower consensus stability criteria for the Markovian switching swarm system. Then, it will be proved that the swarm system is stochastically stable. Furthermore, a state feedback controller is designed such that the resulting closed-loop system is stochastically stable. Finally, numerical examples are shown to demonstrate the effectiveness of the discussed methods.
I. INTRODUCTION
A swarm system (sometimes known as a multi-agent system) is a group of self-organizing agents trying to carry out tasks together. Swarm systems can be found in many biological phenomena. For example, fish in a shoal are capable of migrating and avoiding predators, and wolves in a pack more effectively work together to find food than individuals. Inspired by these types of biological systems, researchers pay close attention to swarm systems because of their considerable number of applications in fields such as biology, physics, and robotics, and so on.
In general, the structure of the swarm systems is divided into the following three categories [1] . The centralized structure is a master-slave hierarchy in which all agents form a group and the swarm will follow only one leader. The decentralized structure where each agent in the swarm can independently achieve their own task is more flexible and autonomous, but the structure has poor stability and controllability. The function and performance of the hybrid structure are between the previous two structures'. Therefore, the structure of swarm systems will vary in their different requirements.
Up to now, swarm systems have been mainly investigated by graph theory and control theory [2] . Consensus algorithms can be viewed as the primary method of solving the problem for the swarm system. In the swarm systems, the consensus is defined as that all agents maintain the common state in positions, velocities and/or attitudes [3] . An approach based on collective potentials achieves the argument of all agents in terms of velocities [4] , and a theoretical framework for the design and analysis of distributed swarming algorithms is presented in this paper. In [5] and [6] the stability properties of a system of multiple mobile agents with double integrator dynamics are investigated, and the smooth control laws for the agents that ensure collision avoidance and cohesion of the group along a common heading direction are proposed. In this control scheme, the topology of the control interconnections is fixed and time-invariant. A set of non-smooth control laws are introduced in [7] where the control laws enable a group of vehicles to synchronize their velocity vectors and move as a flock while avoiding collisions with each other and static obstacles in their environment. A set of control laws that are a combination of attractive/repulsive forces are introduced in [8] , which enables the group to generate the desired stable flocking motion. In [9] , a leader-follower flocking system where few members are group leaders is investigated. The prime applications of consensus are used in the following areas: formation control [10] , flocking/cohesion [11] , consensus tracking [12] , and so on.
In recent years, the leader-follower consensus problems in the swarm system have generated considerable interest for researchers, because the leader can plan a path and induce the other members of the group to follow the path [13] . With the leader's guidance, the swarm reaches consensus more rapidly. Therefore, the leader-follower swarms have many practical applications such as robot teams, unmanned ground vehicles, and unmanned aerial vehicles.
The present paper investigates the leader-follower consensus problems for the swarm systems with the time delay. In swarm systems, due to the limited communication, the time delay occurs naturally [14] - [16] . Meanwhile, the probabilistic perturbations are as significant as the time delay as a factor affecting the stability of swarm systems. In [17] , the global pinning synchronization of directed networks with switching topologies from a multiple Lyapunov functions approach is studied. More recently, consensus tracking problem for multi-agent systems with Lipschitz-type node dynamics and a switching topology has been addressed, e.g., in [18] . In [19] , the literature investigates swarm systems with switching topology. The consensus problems for networks of dynamic agents with fixed and switch topology and switching topologies were discussed in [20] .
Multiple unmanned underwater vehicles (multi-UUVs) in the swarm can effectively carry out a task when they are successfully exchanging information among themselves in the ocean [21] , [22] . The acoustic wave is the main effective means for communication underwater [23] , due to the specific communication environment. The acoustic limitations of bandwidth, frequency, and distance underwater can influence the ability to exchange information among multi-UUVs in an effective and timely fashion. The occurrence of the time delay is also quite a common underwater, which always causes poor performance and instability of multi-UUVs [24] - [27] . Furthermore, the noise of the ocean can disturb the acoustic communication of multi-UUVs in the swarm and the acoustic channel severely restricts communication, which can result in the limited communication and unstable working of the multi-UUV system [28] .
In recent years, the consensus algorithm which is mostly used in the multi-agent system can be adapted in the multiUUVs system [29] , [30] . However, in the complicated ocean environment context, the leader-follower consensus problem for multi-UUVs in a swarm system with a Markov jump system of the switching and multiple independent communication topologies and with the communication time delay under limited communication has not been investigated yet. In this paper, the limited communication consensus control problem is studied for leader-following multi-UUVs in a swarm system that contains multiple second-order agents with the time delay. The multi-UUV swarm will be divided into many subgroups. There exist only one UUV leader and many followers in the sub-group. A leaders-group will be composed of all leaders of the sub-groups, and the swarm of multi-UUVs will follow one leader in the leaders-group, called the commander, as shown in Figure 1 . Communication between the leader and the UUVs can be disconnected because of limited communication in sub-groups, so in order to keep to the connection in the swarm, the action of switching to another leader needs to be implemented effectively. One leader in leaders-group is called the commander and is used to guide the swarm. When the commander fails, whether due to malfunction or limited communication, randomly switching to another leader allows the swarm to follow a new commander, which is the method of keeping the consensus of multi-UUVs in the swarm system as shown in Figure 2 . By a feedback linearization approach, the nonlinear coupling agent model is simplified to a second-order integral model that can be used in the consensus method. Tow suitable Lyapunov-Krasovskii functionals will be given to obtain sufficient consensus conditions and multiple randomly varying leader-following consensus criteria for the Markovian switching swarm system. Then, it will be proved that the swarm system is stochastically stable. Furthermore, a state feedback controller is designed such that the resulting closed-loop system is stochastically stable. Finally, numerical examples are shown to demonstrate the effectiveness of the discussed methods.
Notation: R n is the n-dimensional Euclidean space, and R m×n denotes the set of all m×n real matrices. For symmetric matrices X and Y , X > Y denotes that the matrix X − Y is positive definite, whereas X ≥ Y means that the matrix X − Y is nonnegative. X ⊥ is a basis for the null-space of X . I n , 1 n , 0 n and 0 m×n denote an n × n identity matrix, an n × 1 column vector of all ones, n × n and m × n zero matrices, respectively. E {·} is the mathematical expectation operator.
· stands for the Euclidean vector norm or the induced matrix norm. diag {· · · } is the block diagonal matrix. * refers to the elements below the main diagonal of a symmetric matrix.
II. PROBLEM FORMULATION A. GRAPH THEORY
The communication topology of UUVs can be described by the weighted directed graph. Let G = (V , ε, A) be a weighted graph (digraph) with the set of nodes V = {1, 2, · · · N }, a set of edges ε = {(i, j) : i, j ∈ V } ⊂ V × V and an adjacency matrix A = a ij ⊂ R N ×N where a ij > 0 if (i, j) ∈ ε, while a ij = 0 otherwise. A set of neighbors of UUV i is defined as
a ij is a degree of the node i. More information about graph theory can be obtained in [31] .
B. LEMMA
Lemma 1 (Kronecker Product; 32) : Supposed that α ∈ R, U ∈ R p×p , V ∈ R q×q , X ∈ R p×p , and Y ∈ R q×q . The following arguments are valid. [12] : The digraph G = (V , ε, A) has a globally reachable node if and only if the Laplacian L of G = (V , ε, A) has a simple zero eigenvalue (with eigenvector 1 = (1, . . . , 1) T ∈ R n ) Lemma 3 [12] : The Laplacian matrix of leader-followinḡ L = L + L l is positive and stable if and only if the node of a leader is globally reachable in G = (V , ε, A) where L l means the Laplacian matrix of leader.
Lemma 4 [33] : Given ζ ∈ R n , = T ∈ R n×n and γ ∈ R m×n where rank (γ ) < n, the following statements are equivalent:
(
Consider a jump linear system with time delay and Markov stochastic parameters in the following form [19] :
where x (t) ∈ R n defines the system state, u (t) ∈ R P is the control input of the system, and A (·), B (·) and C (·) are the finite state Markov jump process functions defined on the state space M = {1, 2, · · · , m} with appropriate dimensions. ρ (t) is a right-continuous finite state Markov jump process on the space M with = [π mn ] that defines the transition probability matrix as follows:
where for m = n, the Markov stochastic process jump rate from the state m at time t to the state n at time t + λ is π mn > 0, while for m = n,
The 6 degrees of freedom (DOFs) dynamics model of a UUV can be expressed in vector form with body-fixed and earth-fixed coordination as following equations. Due to the minimal influence of roll on the translation, the roll speed can be ignored. To analyze the motion of a UUV, it is defined in earth-fixed and body-fixed coordinate frames as indicated in Figure 3 . The first three coordinates represent the position and translational motion along the x, y and z axes, while the last three coordinates are used to show the orientation and rotational motion. The motion components are represented the surge, sway, heave, pitch and yaw (see Table 1 ) [34] .
are vectors of velocities and position/Euler angles in motion, respectively. τ is the vector of force and the moments. The model matrices M , C (v) and D (v) define the inertia, Coriolis, and damping, respectively, while g (η) is a vector of generalized gravitational and buoyancy forces. Static restoring forces and moments due to ballast systems and water tanks are shown as the term g 0 . Further details regarding the model parameters can be found in [27] . As previously shown, the model of UUV is a nonlinear and coupling model. To obtain a linear model of UUV, the feedback linear method can be used to translate the nonlinear model into the following linear model in [35] .
where
According to a previous work [28] , a consensus algorithm of the agent i with a first-order integral model is shown aṡ
where a ij (t) is the (i, j) entry of the adjacency matrix A n (t) ∈ R n×n at time t. Note that a ij (t) > 0 if (j, i) ∈ ε n at time t and a ij (t) = 0 otherwise, ∀j = i. Intuitively, the information state of each vehicle is driven toward the information states of its neighbours.
III. CONSENSUS CONTROL ALGORITHM FOR MULTIPLE SWITCHING TOPOLOGIES AND TIME DELAY
As mentioned previously, the following will introduce the consensus control algorithm for a swarm system with time delay and switching topologies.
A. CONSENSUS ALGORITHM FOR A SWARM SYSTEM WITH MULTIPLE TOPOLOGIES
According to dynamics (2.7-2.8), we consider the leaderfollowing consensus algorithm for the dynamics of a leader in the sub-group is described as:
The dynamics of the group of UUVs under multiple independent topologies defined as follows:
where K 
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Remark 1: The multi-UUVs swarm will be divided into many sub-groups. There exist only one UUV leader and many followers in the sub-group. A leaders-group will be composed of all leaders in the sub-groups, and the swarm of multi-UUVs will follow one leader in the leaders-group, called the commander. The state of UUV i can be different owing to a different leader in the different sub-group set and leaders-group set. When the UUV i is a follower of the sub-group, the state of UUV i can be described as
When the UUV i is not the leader of the sub-group but is also a follower of the leaders-group, the state of UUV i is shown as
B. CONSENSUS ALGORITHM FOR A SWARM SYSTEM WITH A TIME DELAY
In this section, we will discuss the consensus algorithm for a swarm system with the time delay. In the swarm systems, due to the limited communication, the time delay occurs naturally. For example, the noise of the ocean can disturb the acoustic communication of multi-UUVs in the swarm, and the acoustic channel severely restricts communication, which easily results in the time delay. As above, the consensus algorithm with the time delay is given by
τ 1 (t) and τ 2 (t) can be defined as the different time delays in the sub-group and leaders-group, respectively.
To simplify the analysis, the time delay τ i (t) (i = 1, 2) is in the following range
Therefore, whatever the range of τ i (t) is in the subgroup or the leaders-group, the range of each τ i (t) belongs to the same range of τ (t). In this paper, τ m = min
C. THE STATE ERROR DYNAMICS OF A SWARM SYSTEM
Let us define the state of the swarm as
. Then, the state error of position and velocity between the leader UUV and follower UUV in the swarm system is described as
,
and ξ x l (t) represent the state error of position in the sub-group and leaders-group, respectively. ξ v s (t) and ξ v l (t) represent the state error of velocity in the sub-group and leaders-group, respectively. Before deriving the dynamics of state error, we can obtain the following formula with Laplacian matrices and a Kronecker product.
Considering formulas (3.3-3.8), the dynamics of state error in sub-groups can be further described as followṡ
where L sp is the Laplacian matrix of a follower in the subgroups and L s0 is the Laplacian matrix of a leader in the subgroups where L s0 = diag {b 01 , b 02 , · · · , b 0n } It will be rewritten as the following:
Similarly, the dynamics of state error in the leaders-group can be described as the following:
The dynamics of state error will be summarized aṡ
Remark 2: The state error of UUV i will be different owing to a different leader in the sub-group set and the leaders-group set. When UUV i is only in the sub-group set, the protocol u si can solve the consensus problem if and only if the states of UUVs satisfy lim 
When the UUV i is not only in the sub-group but also in the leaders-group, the consensus of the swarm will be obtained if and only if the states of UUVs satisfy
D. CONSENSUS ALGORITHM FOR A SWARM SYSTEM WITH MULTIPLE SWITCHING TOPOLOGIES AND A TIME DELAY
In this paper, the dynamics of UUV i with a consensus algorithm (3.10) and (3.12) will be represented by Markov stochastic parameters as follows:
In this paper, the values of the communication protocol gains K 
To obtain the main results for the leader-followers consensus problem for UUVs, we need to introduce the following definition.
Assumption 1: Communication among UUVs in the subgroup is described by a Markov stochastic process, and that Markov stochastic process is on the same space, while communication in the leaders-group is described by a Markov stochastic process that is on a different state space from the state space of the sub-group. The following work will investigate the sub-groups of the swarm on a varying state space. In this paper, ρ s t is defined as the Markov process in the subgroup taking values on state space M = {1, 2. · · · m}, and ρ l t is the Markov process defined on state space S = {1, 2, · · · , s} for the leader-group.
Remark 3: K ρt s and K ρt l are the control gains in the subgroup set and leaders-group set, respectively. Because the control gains vary from one mode to another mode in Markov switching topologies, the controller is not designed simultaneously and needs to adopt the decentralized control design methods.
Remark 4 Definition 1 ([36] ): A Markovian system (3.13) is said to be stochastically stable if u (t) = 0 for any finite φ ∈ R n defined on [−τ, 0] and if the initial condition of the mode i 0 ∈ M the following condition is satisfied:
IV. SWARM SYSTEM STABILITY
In this section, we shall discuss the stability criteria for the system (3.13). For simplicity of matrix representation, we introduce e i ∈ R 5Nn×5Nn which is shown as block entry matrices. The notations of other matrices are as follows:
(4.5)
+ e 1 I N ⊗ 2Q 
, and any symmetric matrices
where s (t), l (t), Proof: Two Lyapunov-Krasovskii functional candidates in a sub-group set and a leaders-group set can be considered as follows:
The two Lyapunov-Krasovskii functional candidates are multiple quadratic Lyapunov functions. According to (2.2), for m = n, the Markov stochastic process jump rate from the state m at time t to the state n at time t + λ is π mn > 0, while for m = n, π mm = − m =n π mn , so we can obtain the transition probability matrix is time-varying. We define
are the positive definite matrices. Although most of the available methods to study the stability of switching system use a common quadratic Lyapunov function, the use of a multiple Lyapunov function contributes to better results in [17] .
According to a previous work [36] , the infinitesimal operator (generator)ÃV (ξ (t) , i) can be defined as
,ÃV s2 ,ÃV s3 andÃV s4 in the sub-group set can be calculated as follows: 
(4.14)
Similarly,ÃV li (i = 1, 2, 3, 4) can be shown as follows:
Then,
Take the following equality condition into account for symmetric matrices U k (k = 1, · · · , 6):
Inspired by a previous work [37] , the formulas (4.17) and (4.21) will be rewritten as follows:
Here, if inequalities (4.9) and (4.10) hold, theñ
The state error (3.13) will be rewritten as follows:
By applying the S-procedure [38] , a delay-dependent stability condition for system (3.13) can be shown as
If the stability conditions (4.30) and (4.31) hold, we can obtain the following inequalities by Lemma 4
When the inequalities (4.13)-(4.27) hold in Theorem 1, the stability condition for the system (3.13) will hold. Furthermore, let us define
From (4.32) and (4.33), we can obtaiñ
By Dynkin's formula [39] , we can have
Hence,
From (4.11) and (4.12), it is easy to see that
From the above inequalities (4.44) and (4.45), we have
By the Gronwall-Bellman Lemma [40] , we know that
Then, there exists a scalar α > 0 and β > 0 such as
Therefore, owing to the Lyapunov-Krasovskii functional method, the formulas (4.50) and (4.51), it can be said that the system (3.13) is stochastically stable. This completes the proof.
Remark 5:
The swarm system communication information from the graph theory is reflected by the Laplacian matrices L ip (i = s, l) among the following UUVs and the Laplacian matrices L i0 (i = s, l) between the leader UUV and the following UUVs. Theorem 1 makes use of these matrices as network information in LMIs, namely, T ρt s and T ρt l . Meanwhile, the upper bound of the time delay is utilized to determine the feasible range of Theorem 1.
V. THE CONSENSUS CONTROLLER DESIGN
Theorem 1 discusses the leader-followers consensus stability criterion for the system (3.13) under the framework of LMIs when the communication topology gain matrices are known. Owing to the results of Theorem 1, we will further discuss the consensus controller design method in Theorem 2.
To obtain Theorem 2, the following zero equalities are introduced:
Meanwhile, several matrices are shown as the notations for simplification:
Theorem 2: For known scalars 0 < τ m < τ M , τ d , the system (3.13) converges to the leader stochastically, if the positive definite matricesQ 
Then, the swarm system with multi-independent topologies (3. We can then obtain the inequalities (5.8) and (5.9) . This completes the proof.
VI. NUMERICAL EXAMPLES
In this section, two numerical examples are presented to demonstrate the effectiveness of the derived theoretical result. As mentioned previously, multi-independent communication topologies are discussed under limited communication in the swarm system, control gains and the upper bound of the time VOLUME 6, 2018 delay are also considered. Then, the numerical examples are illustrated the result of Theorem 2. Example 1: The sub-group i (i = 1, 2, · · · , n) communication topology set includes two communication topologies (N = 2) as shown in Figure 4 . The leaders-group communication set is described in Figure 5 . For simplification, suppose that the communication topology set of the subgroup i (i = 1, 2, · · · , n) has the same communication topology set, so the case of one sub-group and the leaders-group is simulated. In this case, of simulation, the original locations of multi-UUVs are randomly distributed in the threedimensional space of 
The original velocity of multi-UUVs is zero. The sub-group i topology 1:
according to (3.10), we can obtain the matrix The leaders-group topology 1:
from (3.12), we can obtain the matrix
The sub-group i topology 2:
The leaders-group topology 2:
The Markov process values in M with generator s and in S with generator l are as follows:
−0.5 0.5 −0.6 0.6 Here, the stochastic switching mode is shown in Figure 6 . The time delay is set as τ (t) = 0.1 (1 + sin (2t)), τ d = 0.4 and τ m = 1. We can obtain the protocol gain sub-group and leaders-group and the upper bound of time delay by Theorem 1. They are Figure 7 , and the formation stably converges to the trajectory of the commander in the swarm. The changing process shows a slow rate of convergence because the coordination control input from the coordinated control layer needs to be transformed into the control input of the agent by the feedback linearization approach. Figure 8 describes the velocity states of all UUVs. There exist some variability in the swarm changing process of position, attitude and velocity because the jump system with Markov stochastic parameters causes changing states. The 3D trajectories of all UUVs under the jump linear system with the time delay and Markov stochastic parameters are shown in Figure 9 . It shows that the swarm follows the commander trajectories asymptotically.
Example 2: Recall Example 1 with some of the following parameter variations. The sub-group and the leaders-group communication sets are shown in Figure 10 and Figure 11 , The sub-group i topology 1: The leaders-group topology 1:
The sub-group i topology 2: The leaders-group topology 2:
The changing Markov process values in M with generator s and l are as follows:
The stochastic switching mode is shown in Figure 12 .
The time delay is set as τ (t) = 0.1 (1 + cos (2t)), τ d = 0.3, and τ m = 1. We can obtain the protocol gains of the sub-group and leaders-group and the upper bound of the time delay by Theorem 1. They are We can obtain the following simulation results. Figure 13 and Figure 14 display the process of varying the position, attitude and velocity of the swarm with the time delay. All agents can maintain the same state of movement and will asymptotically converge to the state of the commander. The 3D trajectories of the swarm under the jump linear system with the time delay and Markov stochastic parameters are presented in Figure 15 . All agents can complete the process of convergence from any initial state. Based on the simulation results above, it is easy to conclude that the stochastic switching topologies ensure that all agents can receive interconnection information to some extent, which contributes to the stable convergence of the swarm under the limited communication conditions.
VII. CONCLUSION
This paper discusses the limited communication consensus control of leader-following multi-UUVs in a swarm system with the time delay. The concerning problem is considered the random interconnection information between all agents and a commander. To solve the problems mentioned in the paper, the multi-UUV swarm is divided into many sub-groups, each including one leader and many follower UUVs, and a leadersgroup will be composed of all leaders of the sub-groups. In the leaders-group, one leader is called the commander, and the swarm will follow the commander. By the feedback linearization approach, the nonlinear coupling agent model is simplified to a second-order integral model which can be used in the consensus method. Two suitable Lyapunov-Krasovskii functions are given to obtain sufficient consensus conditions and multiple randomly varying leader-followers consensus criteria in Theorem 1. Based on Theorem 2, a state feedback controller is designed such that the resulting closed-loop system is stochastically stable. Numerical examples are shown to demonstrate the effectiveness of the discussed methods. He is currently a Professor with the College of Automation and the Director of the Marine Assembly and Automatic Technology Institute, Harbin Engineering University, Heilongjiang, China. His current research interests include navigation system and control system of unmanned underwater vehicles, cooperative control of unmanned underwater vehicles, and data fusion. 
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